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2 Spherical $t$-designs of strength $t$ , index $t$ , and har-
monic index $t$
$\mathbb{S}^{n}$ t-design Delsarte-Goethals-Seidel (1977) ([5, 2, 3]
)
$\bullet$ [ design (of strength t) ]
$X\subset S^{n-1}(\subset \mathbb{R}^{n})$ $\mathbb{S}^{n-1}$ $t$-design (Design of strength t)
$\frac{1}{|\mathbb{S}^{n-1}|}\int_{\mathbb{S}^{n-1}}f(x)d\sigma(x)=\frac{1}{|X|}\sum_{x\in X}f(x)$ (2.1)
$f(x)=f(x_{0}, x_{1}, \ldots, x_{n})$ : $\deg(f)\leq t$
$\sum_{x\in X}f(x)=0, \forall_{f(x)}\in Harm_{k}(\mathbb{R}^{n}), \forall_{k}=1,2, \ldots, t$. (2.2)
$Harm_{k}(\mathbb{R}^{n})|f^{\backslash }\lambda\Re k$ g,$\grave{}\lambda$ —ﬄ-$B\ovalbox{\tt\small REJECT}$O$5H$-$\iota$t4$\hslash$ gFffi $g$ $\triangle f(x)=$
$0,$ $\triangle=\frac{\partial^{2}}{\partial x}20+\frac{\partial^{2}}{\partial x}z1+\cdots+\frac{\partial^{2}}{\partial x_{n}^{2}}$ , ffi @$ER$ $\dim Harm_{k}(\mathbb{R}^{n})=(\begin{array}{l}n-1+kk\end{array})-$
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$(\begin{array}{l}n+k-3k-3\end{array})$
$X\subset \mathbb{S}^{n-1}$ $w:Xarrow \mathbb{R}_{>0}$ $(X, w)$ weighted spherical t-design
(design of strength t) ( cubature formula of strength $t$
)
$\frac{1}{|\mathbb{S}^{n-1}|}\int_{\mathbb{S}^{n-1}}f(x)d\sigma(x)=\frac{1}{\sum_{x\in X}w(x)}\sum_{x\in X}w(x)f(x)$ (2.3)
$f(x)=f(x_{0}, x_{1}, \ldots, x_{n})$ : $\deg(f)\leq t$
$\sum_{x\in X}w(x)f(x)=0, \forall_{f(x)\in Harm_{k}(\mathbb{R}^{n})}, v_{k=1},2, \ldots, t$
. (2.4)
$\bullet$ [Fisher ]
$X$ weighted $(X, w)$ Fisher
$|X|\geq(\begin{array}{lll}n -1+ e e \end{array})+(\begin{array}{llll}n -1+ e -1 -e1 \end{array})$ if $t=2e$
$\geq 2(n -1+e e)$ if $t=2e+1$
$\bullet$ [Index $t$ design ]
$X\subset \mathbb{S}^{n-1}(\subset \mathbb{R}^{n})$ $\mathbb{S}^{n-1}$ index $t$ design (design of index t)
$f(x)=f(x_{0}, x_{1}, \ldots, x_{n})$ : $t,$ $t-2,$ $t-4,$ $\ldots,$ $2$ $\deg(f)\leq t$
( $t$ ),
$\sum_{x\in X}f(x)=0, \forall_{f(x)}\in Harm_{k}(\mathbb{R}^{n}), \forall_{k=2},4, \ldots, t$
. (2.5)
Index $t$ t- Fisher
$|X|\geq(\begin{array}{l}n+ee\end{array})$ , if $t=2e$ . (2.6)
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$X$ index $2e$ $\Leftrightarrow X\cup(-X)$ strength $2e+1$ (
$X\cap(-X)=\emptyset$ )





harmonic index $t$ $X\subset \mathbb{S}^{n-1}$ $|X|$
bound
designs of designs of designs of
strength $t$ $\subset$ index $t$ $\subset$ harmonic
(ordinary spherical (spherical index $t$
$t$-design) semi $t$-design) $t=2e$
$t=2e$
index $t$ harmonic index $t$ $t$
$x\in \mathbb{S}^{n-1}$ $X=\{x, -x\}$
$\bullet$ $t=2,$ $n=$ arbitrary
$X=\{e_{1}, e_{2}, \ldots, e_{n}\}$ design of harmonic index 2 $(X$ index
2 2-design )
$\bullet$ $n=2,$ $t=2e$ (arbitrary)
$X=\{v_{1}, v_{2}\}$ design of harmonic index $2e$ $v_{1},$ $v_{2}$
two unit vectors with angle $\theta=2\pi(\frac{1}{4e})$ or $\theta=2\pi(\frac{odd}{4e})$
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$n=3,$ $t=4(t=2e=6,8,10, \ldots)$




$\bullet$ $X$ is a design of harmonic index $t$ $\Leftrightarrow\Psi(X)$ takes the minimum value $0$
$A(n, t, M)={\rm Min}_{X\subset@^{n-1},|X|=M}\Psi(X)$




$A(n, t, M)$ $0$
$( A(n, t, M)>0$
$|X|=2,3$ )
$|X|=5$ ( )
$A(3,4,5)$ $0$ (10 ) 5 $X$
5 2 5 ( )
5
$n=3,$ $t=6,$ $|X|=7$ $A(3,6,7)=0$ 3
7 ( )
1( ) $A(3,2e, 2e+1)=0$ $e$
$2e+1$ ( $2e+1$
$A(3,2e, 2e+1)=0$ )
$\mathbb{S}^{n-1}$ Harmi $(\mathbb{R}^{n})$ Gegenbauer
( [8] )
$n=3$ $z$ Gegenbauer $C_{2e}^{\frac{1}{2}}(x)$
$X= \{(z, \sqrt{1-z^{2}}\cos(\frac{2\pi p}{2e+1}), \sqrt{1-z^{2}}\sin(\frac{2\pip}{2e+1}))\}$
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$\mathbb{S}^{2}$ $2e+1$ $p=0,1,$ $\ldots,$ $2e$ . $t$
$Harm_{2e}(\mathbb{R}^{3})$ $X$ $0$
easy
1: $X\subset \mathbb{S}^{2}$ harmonic index $2e$ $|X|\geq 2e+1$
2: $|X|\geq 2e+1$ $X$ $e$ $2e+1$ (
$2e+1$ )




$z$ Gegenbauer $C_{2}^{\frac{n-2}{e2}}(x)$ ( $e$ )
$X_{1}$ $\mathbb{S}^{n-1}$ harmonic index $2e$ (
$|X|$ harmonic index $t$
)
1 2 $e$ $(e=2$
$e=3$
)
$\mathbb{S}^{2}$ 20 12 harmonic index 14
(strength 11 ) . 12 ( 2 1
) 6 harmonic index 14 $A(3,14,6)=0$
1 $2e+1=15$
( ) $n=8$
$E_{8}$ 240 ( 120 ) harmonic index 10
$\mathbb{S}^{6}(\subset \mathbb{S}^{7})$ Fisher strength $t$ bound
$(\begin{array}{l}6+55\end{array})+(\begin{array}{l}6+44\end{array})$ 120 $n=4$ 600-cell 120
( 60 ) harmonic index 58 $\mathbb{S}^{2}(\subset \mathbb{R}^{3})$
Fisher strength $t$ $t-$ bound $(\begin{array}{l}2+2929\end{array})+(\begin{array}{l}2+2828\end{array})$ 60
linear programming 20 antipodal
half 6 $S^{2}\subset \mathbb{R}^{3}$ harmonic index 8 14
harmonic index $2e$ Fisher $|X|$ bound
harmonic index $t$





(2009) $T$ harmonic index $t$
$|X|$
3 Harmonic index $t$ Linear Pro-
gramming methods
( ) Linear Programming
harmonic index $t$
$Q_{t}(x)$ $Harm_{t}(\mathbb{R}^{n})$ $t$- Gegenbauer $Q_{t}(x)$ $Q_{t}(1)=$
$\dim H$armt $(\mathbb{R}^{n})=(\begin{array}{l}n-1+tt\end{array})-(\begin{array}{l}n-1+t-2t-2\end{array})$ $c_{t,n}$
$c_{t,n}=-{\rm Min}_{x\in[-1,1]}Q_{t}(x)$
$q_{n}$





$c_{t,n}$ $F(s)$ [-1, 1]
$\sum_{x,y\in X}F(x\cdot y)$
$x\cdot y$











$t=4,3\leq n\leq 10$ $b_{t,n}$ $b_{4,3}=3.33\ldots,$ $b_{4,4}=5,$ $b_{4,5}=$
$7,$ $b_{4,6}=9.33\ldots,$ $b_{4,7}=12,$ $b_{4,8}=15,$ $b_{4,9}=18.33\ldots,$ $b_{4,10}=22$
$b_{4,n}= \frac{(n+1)(n+2)}{6}$ $n$ 3
$b_{4,n}= \frac{(n+1)(n+2)}{6}$ harmonic index 4 $\mathbb{S}^{n-1}$
$|X|=b_{4,n}= \frac{(n+1)(n+2)}{6}$ $X$





1. $n=3,$ $t=4$ $|X|=4$ $|X|=5$
(
)
2. $n=3,$ $n=6,8$ $|X|=4$ 5




design null t-design Combinatorial t-design
null $t$-design [11, 10, 9]
$\bullet$ [ null $t$-design ]
$X\subset \mathbb{S}^{n-1},$ $|X|<\infty$
$w$ : $Xarrow \mathbb{R}\neq 0$
$(X, w)$ $\mathbb{S}^{n-1}$ null $t$-design
$\sum_{x\in X}w(x)f(x)=0$
$f(x)\in Harm_{i}(\mathbb{R}^{n})$ with $i=\prime 0,1,2,$ $\ldots,$ $t|_{\overline{\llcorner}}$
($i=0$ )
$(X, w)$ $\mathbb{S}^{n-1}$ null $t$-design $|X|$ bound 7
$|X|$ $\geq 2(t+1)$ , for any $n\geq 2$ and any $t.$
Some results.
(i) For any $t$ and any $n\geq 2$ , there are examples of null $t$-design $X$ with $|X|=$
$2(t+1)$ .
(ii) For $n=2$ , we have succeeded in proving that $|X|\geq 2(t+1).\cdot$
There are analogous results for combinatorial null t-designs (i.e for t-
$(v, k, \lambda)$ designs):
$|X|\geq 2^{t+1}, (\mathbb{R}ankl- Pach, 1983)$ .
5 t- $t-(v, k, \lambda)$ Fisher









) tight spherical $t$-design $t=4,5,7$
tight bound (
1 ) $(n$ $t=2e$
)
combinatorial $t-(v, k, \lambda)(t=2e$ $)$ tight $2e$-designs
$t\leq 18$ ([7, 1, 6] )
3 ( ) For each given pair of positive integers $e$ and $c$ , there exist
only finitely many non-trivial $2e-(v, k, \lambda)$ designs with the number of blocks
equal to $(\begin{array}{l}ve\end{array})+c$. More specifically,
$v \leq\frac{e^{3}(e-1)c^{3}}{2}+1$ , if $e\geq 2$ , ; and
$v \leq\frac{c^{2}(c+1)}{4}+1$ , if $e=1.$
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